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1. Introduction
The fundamental problem of the theory of Riesz operators in Banach spaces is to determine asymptotic eigenvalue
distributions of Riesz operators. We mention that a large number of research articles as well as several monographs are
devoted to this topic (see [17,25,5] and the references therein). There are advanced methods to study the mentioned prob-
lem, among them is the powerful machinery based on the theories of s-numbers, p-summing operators and local theory of
Banach spaces. The axiomatic approach to s-numbers was developed by Pietsch in [25]. The concept of s-numbers general-
izes the notion of singular numbers in Hilbert spaces to the Banach space setting. The following are particularly important
s-numbers, deﬁned for every (bounded linear) operator T : X → Y between Banach spaces and every n ∈ N:
– approximation numbers an(T ) := inf{‖T − S‖; S ∈ L(X, Y ), rank(S) < n};
– Gelfand numbers cn(T ) := inf{‖T |G‖; G ⊂ X, codim(G) < n};
– Weyl numbers xn(T ) := sup{an(T S); S ∈ L(2, X), ‖S‖ 1}.
For compact operators T : H → G between Hilbert spaces all these numbers are equal to the singular numbers sn(T ).
In the context of eigenvalues a central role is played by the Weyl numbers, which were introduced by Pietsch. Combining
the Weyl’s inequalities in Hilbert spaces with the theory of 2-summing operators, Pietsch [25] extended Weyl’s inequalities
to the Banach space setting. His remarkable result states that the sequence of eigenvalues of any power-compact operator
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T. Kühn, M. Mastyło / J. Math. Anal. Appl. 369 (2010) 408–422 409T : X → X on a complex Banach space satisﬁes for all 0< p < ∞ and n ∈ N the inequality(
n∑
k=1
∣∣λk(T )∣∣p
)1/p
 21/p
√
2e
(
n∑
k=1
xk(T )
p
)1/p
.
It is worth mentioning that for every compact operator T : X → Y between Banach spaces there is a suitable compact
operator S : X → C[0,1] with values in the space C[0,1] of continuous functions over the interval [0,1] such that
cn(S) = cn(T ) and xn(S) = xn(T ).
Let us note that every bounded linear operator T from a Banach space X to any C(K ) space can be represented by a con-
tinuous function f : K → (X∗, σ (X∗, X)) such that T x = 〈x, f 〉 for every x in X (see [11, p. 29]). It is proved there that T
is weakly compact if and only if f : K → (X∗, σ (X∗, X∗∗)) is continuous. It is also shown that T is compact if and only if
f : K → (X∗,‖ · ‖X∗) is continuous.
The mentioned extension of Weyl’s inequality motivates the investigation of Weyl numbers of operators between Banach
spaces. The key in our study is to estimate abstract summing norms for operators, which generalize p-summing norms. In
the case of operators between Banach lattices, the geometry of Banach spaces plays a crucial role, in particular our estimates
involve concavity constants with respect to n vectors.
Let us now describe the paper and its contents. In Section 2 we prove some preliminary results. We show estimates of
(G, F )-summing norms (called in short, abstract summing norms) of operators. In the case of operators between (quasi)-
Banach spaces we use a variant of Krivine’s theorem due to Kalton [13]. This allows us to estimate (G,2)-summing norms
with respect to n vectors via the (G,2)-concavity constants with respect to n vectors whenever the domain space is a
C(K )-space.
In Section 3 we obtain one-sided interpolation estimates for (E, p)-summing norms in the setting of abstract Lorentz
spaces. This result seems to be of independent interest, due to the fact that it provides new information even in the case of
p-summing norms. We transfer this result to a more general setting, namely to the case of intermediate Banach spaces with
respect to a compatible couple of Banach spaces. Further, we combine these results with the obtained ones in the previous
section. In particular, we prove that for a large class of rearrangement invariant spaces X over a ﬁnite non-atomic measure
space a sharp estimate xn(I : L∞ → X)  ψX (1/n) holds, where ψX is the fundamental function of X .
In Section 4 we present some sharp estimates on the concavity constants with respect to n vectors for a special class of
rearrangement invariant spaces including e.g. Lorentz spaces Lp,q and Zygmund spaces.
Finally, in Section 5, we apply our previous results to integral operators with kernels of weakly singular type. We prove
upper estimates for the eigenvalues of such operators which extend the classical results for weakly singular integral opera-
tors. Moreover we show that our results are asymptotically optimal.
2. Estimates of Weyl numbers
Let (Ω,μ) := (Ω,Σ,μ) be a complete σ -ﬁnite measure space and let X be a Banach space. Throughout the paper
L0(μ, X) denotes the space of equivalence classes of strongly measurable X-valued functions on Ω , equipped with the
topology of convergence in measure (on sets of ﬁnite μ-measure). In the case X = R we write in short L0(μ) instead of
L0(μ,R). By a Banach lattice (on (Ω,μ)), we shall mean a Banach space X which is a subspace of L0(μ) such that there
exists u ∈ X with u > 0 a.e. and if |x| |y| a.e., where y ∈ X and x ∈ L0(μ), then x ∈ X and ‖x‖X  ‖y‖X . A Banach lattice
X is said to be maximal if its unit ball BX = {x; ‖x‖X  1} is a closed subset in L0(μ).
A Banach lattice X is said to be order-continuous if for every sequence xn ↓ 0 we have ‖xn‖X → 0. The Köthe dual X ′ of
a Banach lattice X on (Ω,μ) is deﬁned as
X ′ =
{
x ∈ L0(μ); ‖x‖X ′ := sup
‖y‖X1
∫
Ω
|xy|dμ < ∞
}
.
Note that X ′ is a Banach lattice under the norm ‖ · ‖X ′ . Moreover, the Köthe dual X ′ is lattice isometric to a closed subspace
of the topological dual X∗ .
For a given Banach lattice E on a measure space (Ω,μ) and a Banach space X , we denote by E(X) the set of all
f ∈ L0(μ, X) such that ‖ f (·)‖X ∈ E . This is a Banach space under pointwise operations and the natural norm
‖ f ‖E(X) :=
∥∥∥∥ f (·)∥∥X∥∥E .
Let X be a Banach space. For any f ∈ L0(μ, X∗), we deﬁne a continuous linear map T f : X → L0(μ) by
T f x(s) =
〈
x, f (s)
〉
, x ∈ X, s ∈ Ω.
Following [5], we will call f the (abstract) kernel generating the operator T f . If E is a Banach lattice on (Ω,μ) and
f ∈ E(X∗), then T f deﬁnes an operator from X into E .
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and the embedding is continuous. For every quasi-Banach lattice E and each n ∈ N we deﬁne
MnG,F (E) = sup
{∥∥∥∥∥
n∑
k=1
‖xk‖Eek
∥∥∥∥∥
G
;
∥∥∥∥∥
∥∥∥∥∥
n∑
k=1
|xk|ek
∥∥∥∥∥
F
∥∥∥∥∥
E
 1
}
.
If MG,F (E) := supn∈N MnG,F (E) < ∞, then E is called (G, F )-concave. For G = F = p with 1 p < ∞ we obtain the notion
of p-concavity (cf. [19]), and instead of Mnp ,p (E) we write in short M
n
(p)(E).
If X is a Banach space and Y a quasi-Banach space, then for every operator T : X → Y and each n ∈ N we deﬁne
πnG,F (T ) = sup
{∥∥∥∥∥
n∑
k=1
‖T xk‖Y ek
∥∥∥∥∥
G
; sup
‖x∗‖X∗1
∥∥∥∥∥
n∑
k=1
〈
xk, x
∗〉ek
∥∥∥∥∥
F
 1
}
.
If πG,F (T ) := supn∈N πnG,F (T ) < ∞, then T is called (G, F )-summing. For F = q and G = p , with 1  q  p < ∞, we
obtain the well-known notion of absolutely (p,q)-summing operators (cf. [25]). If F = 2 and 2 ↪→ G , then we get the
(G,2)-summing operators (see e.g. [9,10]).
Throughout the paper we use the following notation: Given two sequences (an) and (bn) of nonnegative real numbers
we write an ≺ bn or an = O(bn), if there is a constant c > 0 such that an  cbn for all n ∈ N, while an  bn means that
an ≺ bn and bn ≺ an hold. Analogously we use the symbols f ≺ g and f  g for nonnegative real functions.
Proposition 2.1. Assume that F and G are Banach sequence lattices with F ↪→ G, let E be a Banach lattice and X a Banach space. If
T f is an integral operator generated by an abstract kernel f ∈ E(X∗), then we have
(i) πnG,F (T f : X → E) MnG,F (E)‖ f ‖E(X∗) for each n ∈ N.
(ii) If E is (G, F )-concave, then T f : X → E is (G, F )-summing with
πG,F (T f ) MG,F (E)‖ f ‖E(X∗).
Proof. (i) Let the lattice E be deﬁned on the measure space (Ω,μ). For f ∈ E(X∗), let Ω˜ := {s ∈ Ω; f (s) = 0}. For s ∈ Ω˜
deﬁne a∗(s) ∈ BX∗ by
a∗(s) = f (s)‖ f (s)‖X∗ χΩ˜(s).
For any x1, . . . , xn ∈ E we have with C = M(n)G,F (E),∥∥∥∥∥
n∑
k=1
‖T f xk‖Eek
∥∥∥∥∥
G
 C
∥∥∥∥∥
∥∥∥∥∥
n∑
k=1
〈
xk, f (·)
〉
ek
∥∥∥∥∥
F
∥∥∥∥∥
E
 C
∥∥∥∥∥∥∥ f (·)∥∥X∗
∥∥∥∥∥
n∑
k=1
∣∣〈xk,a∗(·)〉∣∣ek
∥∥∥∥∥
F
∥∥∥∥∥
E
 C‖ f ‖E(X∗) sup
‖x∗‖X∗1
∥∥∥∥∥
n∑
k=1
〈
xk, x
∗〉ek
∥∥∥∥∥
F
,
and this completes the proof of (i).
The second statement (ii) is an immediate consequence of (i). 
We will need the following result, where we use the notation
λG(n) :=
∥∥∥∥∥
n∑
k=1
ek
∥∥∥∥∥
G
for the fundamental function of a Banach sequence space G . Moreover, we set
ΛG(n) :=
∥∥∥∥∥
n∑ 1
λG(k)
ek
∥∥∥∥∥ .
k=1 G
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every n ∈ N we have
(i) λG(n)xn(T ) πnG,2(T ).
(ii) ‖∑nk=1 xk(T )ek‖G ΛG(n)πnG,2(T ).
(iii) If G is a symmetric Banach sequence space, then∥∥∥∥∥
n∑
k=1
xk(T )ek
∥∥∥∥∥
G
 (1+ log2 n)πnG,2(T ).
Proof. (i) In [9, Prop. 2] the inequality λG(n)xn(T ) πG,2(T ) was proved for all n ∈ N and every πG,2-summing operator T ,
but the proof even gives the same inequality for arbitrary operators T with πG,2(T ) replaced by πnG,2(T ), which is (i).
(ii) This is an obvious consequence of (i).
(iii) In view of (ii) it is enough to prove ΛG(n) (1 + log2 n)λG(n). Given any natural number n, we determine m ∈ N0
such that 2m  n < 2m+1; and for j = 0, . . . ,m we consider the index sets I j = {k ∈ N: 2 j  k < 2 j+1}. Using the symmetry
of the norm in G , we get∥∥∥∥∑
k∈I j
ek
∥∥∥∥
G
= λG(card I j) = λG
(
2 j
)
.
Now the lattice property of G and the triangle inequality easily imply the desired estimate,
ΛG(n) =
∥∥∥∥∥
n∑
k=1
1
λG(k)
ek
∥∥∥∥∥
G

m∑
j=0
∥∥∥∥∥∑
k∈I j
1
λG(k)
ek
∥∥∥∥∥
G

m∑
j=0
1
λG(2 j)
∥∥∥∥∑
k∈I j
ek
∥∥∥∥
G
=m + 1 1+ log2 n. 
Before proving the next result, we need to recall a result of Kalton [13] for L-convex quasi-Banach lattices, which extends
Krivine’s theorem on operators between Banach lattices (see, e.g. [26]). Following Kalton [13], a quasi-Banach lattice X
is said to be L-convex if there exists 0 < ε < 1 so that if u ∈ X+ , with ‖u‖ = 1 and 0  xk  u (k = 1, . . . ,n) satisfy
(x1 + · · · + xn)/n (1− ε)u, then max1kn ‖xk‖ ε.
Theorem 2.3. For every L-convex quasi-Banach lattice Y there is a constant A > 0 with the following property: If X is a quasi-Banach
lattice and T : X → Y a bounded linear operator, then for all n ∈ N and arbitrary vectors x1, . . . , xn ∈ X the inequality∥∥∥∥∥
(
n∑
k=1
|T xk|2
)1/2∥∥∥∥∥
Y
 A‖T‖
∥∥∥∥∥
(
n∑
k=1
|xk|2
)1/2∥∥∥∥∥
X
holds.
Remark. We note that in case of Banach spaces Krivine’s result is true with a universal constant A = KG , where KG is the
Grothendieck constant.
As an application of the above we have the following.
Theorem 2.4. Let G be a quasi-Banach sequence lattice such that 2 ↪→ G, and let Y be an L-convex quasi-Banach lattice. Then for
every operator T : C(K ) → Y there exists a constant A depending only on Y so that for each n ∈ N we have
πnG,2
(
T : C(K ) → Y ) A‖T‖MnG,2(Y ).
In particular, if Y is a Banach lattice and G = 2 we have
πn2
(
T : C(K ) → Y ) KG‖T‖Mn(2)(Y ).
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n∑
k=1
‖T xk‖Y ek
∥∥∥∥∥
G
 MnG,2(Y )
∥∥∥∥∥
(
n∑
k=1
|T xk|2
)1/2∥∥∥∥∥
Y
 A‖T‖MnG,2(Y )
∥∥∥∥∥
(
n∑
k=1
|xk|2
)1/2∥∥∥∥∥
C(K )
= A‖T‖MnG,2(Y ) sup‖x∗‖C(K )∗1
(
n∑
k=1
∣∣x∗(xk)∣∣2
)1/2
,
and this gives the required estimate. 
Now the following corollary is clear. It is a variant of the result [23, Theorem 1] in the setting of quasi-Banach lattices.
Corollary 2.5. Let G be a quasi-Banach sequence lattice such that 2 ↪→ G, and let Y be an L-convex quasi-Banach lattice. Then for
every operator T : C(K ) → Y we have
(i) T is (G,2)-summing whenever Y is (G,2)-concave.
(ii) T is (q,2)-summing whenever Y is q-concave with 2 q < ∞.
3. Interpolation of abstract summing norms
In the local theory of Banach spaces the concept of summing operators is of special interest. In this section we use
interpolation to show general estimates of (E, p)-summing norms with respect to n vectors. We apply these results to
abstract Lorentz spaces and rearrangement invariant spaces. We need to recall some basic deﬁnitions.
In what follows the set of all functions ϕ : [0,∞) × [0,∞) → [0,∞) which are non-decreasing in each variable and
positively homogeneous (that is, ϕ(λs, λt) = λϕ(s, t) for all λ, s, t  0) is denoted by Φ .
For ϕ ∈ Φ and s, t  0 we deﬁne
ϕ(s, t) = sup
{
ϕ(us, vt)
ϕ(u, v)
; u, v > 0
}
.
Following [2], a mapping F acting on the category of all compatible Banach couples is called an interpolation functor, if
for every couple X = (X0, X1) the Banach space F(X) is intermediate with respect to X (i.e., X0 ∩ X1 ⊂ F(X) ⊂ X0 + X1),
and T : F(X) → F(Y ) is bounded for each T : X → Y (meaning that T : X0 + X1 → Y0 + Y1 is linear and its restrictions
T : X j → Y j , j = 0,1, are deﬁned and bounded). If additionally there is a constant C > 0 such that for each T : X → Y∥∥T : F(X) → F(Y )∥∥ C max{‖T : X0 → Y0‖,‖T : X1 → Y1‖},
then F is called bounded. Clearly we always have C  1, and if C = 1 then F is called exact. For a bounded interpolation
functor F we deﬁne the fundamental function ψF of F by
ψF (s, t) = sup
∥∥T : F(X) → F(Y )∥∥,
where the supremum is taken over all Banach couples X , Y and all operators T : X → Y such that ‖T : X0 → Y0‖ s and
‖T : X1 → Y1‖  t . From the deﬁnition it immediately follows that we have for all couples X , Y and all T : X → Y the
inequality∥∥T : F(X) → F(Y )∥∥ψF (‖T : X0 → Y0‖,‖T : X1 → Y1‖).
We will need the following preliminary result which plays a crucial role in the sequel.
Proposition 3.1. Let F be an exact interpolation functor, (Y0, Y1) a compatible Banach couple, Y an intermediate space with respect
to (Y0, Y1), and E, E0 , E1 Banach sequence spaces containing p where 1 p < ∞. Deﬁne, for each positive integer n,
Cn =
∥∥id : F(En0(Y0), En1(Y1))→ En(Y )∥∥.
Then, for any Banach space X and every T : (X, X) → (Y0, Y1), we have
πnE,p(T : X → Y ) CnψF
(
πnE0,p(T : X → Y0),πnE1,p(T : X → Y1)
)
.
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∏n
k=1(Y0 + Y1) deﬁned by φn(S) = {T Se j}nj=1 for
S ∈ L(np′ , X) where 1/p + 1/p′ = 1. Since for j = 0,1 we have∥∥φn : L(np′ , X)→ Enj (Y j)∥∥= πnE j ,p(T : X → Y j),
it follows by the interpolation property that∥∥φn : L(np′ , X)→ F(En0(Y0), En1(Y1))∥∥ψF (πnE0,p(T : X → Y0),πnE1,p(T : X → Y1)).
Combining the above with our hypothesis implies
πnE,p(T : X → Y ) =
∥∥φn : L(np′ , X)→ En(Y )∥∥
 CnψF
(
πnE0,p(T : X → Y0),πnE1,p(T : X → Y1)
)
,
which completes the proof. 
We show a general approach which will allow us to use the above proposition in abstract cases. Before the proof of the
next result we need some additional notation. Let ϕ ∈ Φ and X = (X0, X1) be a Banach couple. Following [24], the abstract
Lorentz space Λϕ(X) consists of all x ∈ X0 + X1 such that
x =
∑
n∈Z
xn (convergence in X0 + X1),
where xn ∈ X0 ∩ X1, and ∑n∈Z ϕ(‖xn‖X0 ,‖xn‖X1 ) < ∞. The norm on Λϕ(X) is deﬁned by
‖x‖Λϕ(X) = inf
∑
n∈Z
ϕ
(‖xn‖X0 ,‖xn‖X1),
where the inﬁmum is taken over all series described above. It is easily veriﬁed that Λϕ is an exact interpolation functor. In
fact we have the following simple observation.
Proposition 3.2. Let ϕ ∈ Φ . Then the fundamental function of the interpolation functor Λϕ satisﬁes
ψΛϕ (s, t) ϕ(s, t), s, t > 0.
Proof. Let T : X → Y be an operator between Banach couples with ‖T : X0 → Y0‖ s and ‖T : X1 → Y1‖ t . Fix x ∈ Λϕ(X)
with x =∑n∈Z xn (convergence in X0 + X1) and∑
n∈Z
ϕ
(‖xn‖X0 ,‖xn‖X1)< ∞.
Then we have T x =∑n∈Z T xn (convergence in Y0 + Y1) and∑
n∈Z
ϕ
(‖T xn‖Y0 ,‖T xn‖Y1)∑
n∈Z
ϕ
(
s‖xn‖X0 , t‖xn‖X1
)
 ϕ(s, t)
∑
n∈Z
ϕ
(‖xn‖X0 ,‖xn‖X1).
In consequence, we obtain
‖T x‖Λϕ(Y )  ϕ(s, t)‖x‖Λϕ(X),
and this yields the desired inequality. 
We need the following lemma (see [21]).
Lemma 3.3. Let (X0, X1) be an interpolation couple and suppose that E0 and E1 are two Banach lattices, both deﬁned on a common
measure space (Ω,μ). Then for each ϕ ∈ Φ ,
Λϕ
(
E0(X0), E1(X1)
)
↪→ φ(E0, E1)
(
Λϕ(X0, X1)
)
,
where φ is the greatest concave minorant of ϕ .
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Theorem 3.4. Let ϕ ∈ Φ , let (Y0, Y1) be a Banach couple, and E0 , E1 be Banach sequence lattices on N containing p where 1 
p < ∞. Then for any Banach space X and every T : (X, X) → (Y0, Y1) and each n ∈ N, we have
πnφ(E0,E1),p
(
T : X → Λϕ(Y0, Y1)
)
 φ
(
πnE0,p(T : X → Y0),πnE1,p(T : X → Y1)
)
,
where φ is the greatest concave minorant of ϕ .
Let (A0, A1) be a Banach couple and let A be a Banach space such that A0 ∩ A1 ↪→ A. The characteristic function of A with
respect to (A0, A1) is deﬁned by
ϕ(s, t) = sup{‖a‖A; a ∈ A0 ∩ A1, ‖a‖A0  s, ‖a‖A1  t}, for s, t > 0.
The following special case of the preceding theorem seems to be of independent interest from the point of view of applica-
tions.
Corollary 3.5. Let (Y0, Y1) be a Banach couple, Y be a Banach space such that Y0 ∩ Y1 ↪→ Y and let ϕ be the characteristic function
of Y with respect to (Y0, Y1). If E is a Banach sequence lattice such that p ↪→ E for 1 p ∞, then for any Banach space X, every
operator T : (X, X) → (Y0, Y1) and each n ∈ N we have
πnφ(E,∞),p(T : X → Y ) φ
(
πnE,p(T : X → Y0),‖T : X → Y1‖
)
,
where φ is the greatest concave minorant of ϕ .
Proof. From the deﬁnition of the fundamental function ϕ of Y with respect to (Y0, Y1), it follows that for every y ∈ Y0 ∩ Y1
we have
‖y‖Y  ϕ
(‖y‖Y0 ,‖y‖Y1).
This implies that the inclusion map id : Λϕ(Y0, Y1) → Y has norm less than or equal to 1. In consequence, for every
T : (X, X) → (Y0, Y1), the operator T : X → Y factors through an abstract Lorentz,
T : X → Λϕ(Y0, Y1) id−→ Y .
To conclude the proof it is enough to apply Theorem 3.4 to the operator T : X → Λϕ(Y0, Y1). 
We show further applications of the above result. Following [24], the function ϕ which corresponds to an exact interpo-
lation functor F by the equality
F(sR, tR) = ϕ(s, t)R,
is called the characteristic function of the functor F . Here αR denotes R equipped with the norm ‖ · ‖αR = α| · | for α > 0.
Theorem 3.6. Let F be an exact interpolation functor with characteristic function ϕ . If E j are Banach sequence lattices such that
p ⊂ E j for j = 0,1 and 1 p < ∞, then for every operator T : (X, X) → (Y0, Y1) between Banach couples and each n ∈ N, we have
πnφ(E0,E1),p
(
T : X → F(Y0, Y1)
)
 φ
(
πnE0,p(T : X → Y0),πnE1,p(T : X → Y1)
)
,
where φ is the greatest concave minorant of ϕ .
Proof. It easy to check (see [24]) that for any Banach couple Y = (Y0, Y1) we have
‖y‖F(Y )  ϕ
(‖y‖Y0 ,‖y‖Y1), y ∈ Y0 ∩ Y1.
This implies
Λϕ(Y0, Y1) ↪→ F(Y0, Y1),
and thus the proof follows in a similar way as the proof of Corollary 3.5. 
We give now an applications to operators from C(K )-spaces into Banach spaces of ﬁnite cotype. Recall that a Banach
space X is said to be of cotype q (2 q < ∞) if there exists a constant C > 0 so that for all n ∈ N and any x1, . . . , xn ∈ X
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n∑
i=1
‖xi‖qX
)1/q
 C Ave
εi=±1
∥∥∥∥∥
n∑
i=1
εi xi
∥∥∥∥∥
X
holds. We need the following result (see [12, Theorem 11.14]).
Theorem 3.7. Suppose that Y is a Banach space of cotype q, where 2  q < ∞, and that K is a compact Hausdorff space. Then we
have:
(a) If q = 2, then L(C(K ), Y ) = Π2(C(K ), Y ).
(b) If 2< q < ∞, then L(C(K ), Y ) = Πq,p(C(K ), Y ) for all p < q.
Theorem 3.8. Let (X0, X1) be a Banach couple such that X j has cotype q j , j = 0,1. If X is a Banach space such that X0 ∩ X1 ↪→ X
and ϕ is the characteristic function of X with respect to (X0, X1), then for every operator T : (C(K ),C(K )) → (X0, X1) we have
(i) T : C(K ) → X is (ψ ,2)-summing, where ψ−1(t)  ϕ(t1/q0 , t1/q1).
(ii) xn(T : C(K ) → X) ≺ ϕ(n−1/q0 ,n−1/q1 ) for each n ∈ N.
Proof. (i) Theorem 3.7 ensures that T : C(K ) → X j is (q j,2)-summing, and thus Theorem 3.4 implies that T : C(K ) → X is
(φ(q0 , q1 ),2)-summing, where φ is a concave minorant of ϕ . Since φ(q0 , q1 ) coincides up to equivalence of norms with
an Orlicz sequence space ψ with
ψ−1(t)  ϕ(t1/q0 , t1/q1),
the statement follows.
(ii) The fundamental function of an Orlicz sequence space ψ equals
λψ (n) =
1
ψ−1(1/n)
, n ∈ N.
Thus the required estimate follows by Proposition 2.2(i) with G = ψ = φ(q0 , q1 ). 
Below we determine – for a large class of r.i. spaces X(μ) on a ﬁnite non-atomic measure space (Ω,μ) – the asymptotic
behavior of the Weyl numbers of the inclusion map I : L∞(μ) → X(μ). For any f ∈ L0(μ) we deﬁne its decreasing rear-
rangement f ∗ on (0,μ(Ω)) by f ∗(t) = inf{λ > 0; μ(| f | > λ) t}. Now let X be a quasi-Banach lattice on (0,a) (0< a∞)
with Lebesgue measure. We say that X is a rearrangement invariant (r.i.) quasi-Banach space if ‖ f ‖X = ‖ f ∗‖X for all f ∈ X .
If (Ω,μ) is an arbitrary measure space and X is an r.i. quasi-Banach space on (0,μ(Ω)), then we deﬁne the r.i. space X(μ)
on (Ω,μ) to be the space of all f ∈ L0(μ) such that f ∗ ∈ X with ‖ f ‖X(μ) = ‖ f ∗‖X . In what follows we use for r.i. Banach
spaces the shorter notation r.i. spaces.
Let X(μ) be an r.i. space on (Ω,μ) determined by an r.i. space X on (0,a) with a = μ(Ω). The fundamental function
of X is deﬁned by ψX (t) = ‖χ(0,t)‖X for t ∈ (0,a), where χA denotes the characteristic function of the set A. For a given
t > 0 the dilation operator Dt is deﬁned by Dtx(s) = x(s/t)χ(0,a)(s/t), s ∈ (0,a). Dt is bounded in every r.i. space X with
‖Dt‖max(1, t). The lower and the upper Boyd indices are deﬁned by
αX = lim
t→0+
ln‖Dt‖
ln t
, βX = lim
t→∞
ln‖Dt‖
ln t
,
respectively. In general, 0 αX  βX  1.
The lower and upper dilation indices of a quasi-concave function ψ : [0,a) → [0,∞) are deﬁned by
γψ = lim
t→0+
lnψ(t)
ln t
, ψ = lim
t→∞
lnψ(t)
ln t
,
respectively, where ψ(t) = sup0<s<a,0<st<a ψ(st)ψ(t) . We have 0  γψ  δψ  1, and since ψ X (t)  ‖Dt‖X for every t > 0, it
follows that αX  pX  qX  βX , where pX := γψX and qX := δψX . For general properties of r.i. spaces and indices we refer
to [1,18].
We ﬁrst prove the following lemma which extends the result [17, Corollary 3.a.10] for the inclusion map I : L∞(μ) →
Lp,1(μ).
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(i) (2
√
2n
∫ 1/2n
0 ψX (t)
−1 dt)−1  xn(I : L∞(μ) → X(μ)) for each n ∈ N.
(ii) If qX < 1, then ψX (1/n) ≺ xn(I : L∞(μ) → X(μ)).
(iii) If X(μ) is an interpolation space with respect to (L2(μ), L∞(μ)), then
ψX (1/n) ≺ xn
(
I : L∞(μ) → X(μ)
)≺ ψ X (1/n).
Proof. (i) For a given positive integer m we choose disjoint measurable sets Ek such that μ(Ek) = 1/m for k = 1, . . . ,m.
Deﬁne operators Jm : m∞ → L∞(μ) and Qm : X(μ) → m∞ by
Jm(ξ) :=
m∑
k=1
ξkχEk , for ξ = {ξk} ∈ m∞,
and
Qm( f ) :=
m∑
k=1
(∫
Ek
x(s)dμ(s)
)
ek, for x ∈ X(μ).
We have∥∥ Jm : m∞ → L∞(μ)∥∥= 1.
Since ‖x‖X(μ)  ‖x∗χ(0,t)‖X  x∗(t)ψX (t) for every x ∈ X(μ) and t ∈ (0,1), we have∫
Ek
|x|dμ
1/m∫
0
x∗(t)dt  ‖x‖X(μ)
1/m∫
0
1
ψX (t)
dt,
and whence
∥∥Qm : X(μ) → m∞∥∥
1/m∫
0
1
ψX (t)
dt.
Using the following obvious factorization of the identity map Im : m∞ → m∞ ,
Im : m∞
Jm−→ L∞(μ) mI−→ X(μ) Qm−→ m∞
and the Stechkin formula (see [25, Prop. 2.9.11])
an
(
I : m1 → m2
)= (m − n + 1
m
)1/2
, for n = 1, . . . ,m,
we conclude that(
m − n + 1
m
)1/2
= an
(
I : m1 → m2
)= an(I : m2 → m∞)
= xn
(
I : m2 → m∞
)
 xn
(
I : m∞ → m∞
)
m‖Qm‖xn
(
I : L∞(μ) → X(μ)
)‖ Jm‖
m
( 1/m∫
0
1
ψX (t)
dt
)
· xn
(
I : L∞(μ) → X(μ)
)
.
Setting m = 2n yields the required estimate.
(ii) Since qX < 1, γψ > 0 where ψ(t) = t/ψX (t) for t ∈ (0,1). This implies (see [18, Corollary 3, p. 80]) that
t∫
0
ψ(s)
s
ds ≺ ψ(t), t ∈ (0,1).
Combining this estimate with the fact that ψ is non-decreasing, we obtain the required estimate by (i).
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√
t,1) (see [22]), where ϕ is the characteristic function of X with respect
to (L2, L∞). This implies that
ψ X (t)  ϕ(
√
t,1).
Combining this equivalence with the fact that every L∞(μ)-space is isometric to a C(K )-space and L2(μ) is a 2-concave
Banach lattice, we obtain from Theorem 3.8(ii)
xn
(
I : L∞(μ) → X(μ)
)≺ ψ X (1/n).
Now observe that our hypothesis on X implies that βX  1/2, and whence qX  1/2. Thus (ii) applies and gives the lower
estimate. 
We remark that Lorentz–Shimogaki showed that (Lp, L∞) is a Calderón couple for any measure space (for details see
[2,24]). Since for every f ∈ Lp + L∞ and t > 0,( t∫
0
f ∗(s)p ds
)1/p
 K
(
t1/p, f ; Lp, L∞
)
 21−1/p
( t∫
0
f ∗(s)p ds
)1/p
we conclude that X is an interpolation space with respect to (Lp, L∞) if and only if the following holds: If f ∈ L0(μ) and
g ∈ X satisfy
t∫
0
f ∗(s)p ds
t∫
0
g∗(s)p ds,
then this implies f ∈ X .
Using the above description it is easy to verify that there is a large class of natural r.i. spaces which are interpolation
spaces with respect to (L2, L∞), e.g. 2-convex spaces or spaces with βX < 1/2. In particular, all Lorentz space Lp,q with
2< p < ∞ and 1 q∞ are of this type.
4. Concavity constants with few vectors
As we have seen in the previous sections, estimates of concavity constants with respect to n vectors are very useful
in the study of Weyl numbers. In this section we will provide estimates of these constants for some special classes of
rearrangement invariant spaces, in particular, we will consider certain Lorentz and Orlicz spaces. For this purpose we need
some results due to Kalton in the memoir [14], where the uniqueness of lattice structure on Banach spaces is studied. In
[14] the author discusses the question of ﬁnding a condition on a Banach lattice such that it does not contain uniformly
complemented n2’s. To this aim, for a given Banach lattice X he deﬁned dn = dn(X) to be the least constant such that for
disjoint x1, . . . , xn ∈ X we have
n∑
k=1
‖xk‖X  dn
∥∥∥∥∥
n∑
k=1
xn
∥∥∥∥∥
X
and en = en(X) to be the least constant so that for disjoint x1, . . . , xn we have∥∥∥∥∥
n∑
k=1
xn
∥∥∥∥∥
X
 en max
1kn
‖xk‖X .
Later on we will use the following result. Parts (i) and (ii) follow from the proof of Proposition 9.2 in [14] presented
there for abstract separable order-continuous Banach lattices.
In terms of concavity constants, the ﬁrst formula in (ii) means Mn(1)(X)  dn(X). Since the reverse inequality is obvi-
ous by deﬁnition of these constants, we have Mn(1)(X) = dn(X). Part (iii) is a simple consequence of (ii) and the formula
Mn
(p)(X(p)) = Mn(1)(X)1/p for the p-convexiﬁcation procedure with 1< p < ∞.
Proposition 4.1. Let X be an order-continuous Banach lattice on (Ω,μ).
(i) For the Köthe dual space X ′ of X we have dn(X ′) = en(X) and en(X ′) = dn(X).
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n∑
k=1
‖xk‖X  dn
∥∥∥∥∥
n∑
k=1
|xn|
∥∥∥∥∥
X
and
∥∥∥ max
1kn
|xk|
∥∥∥
X
 en max
1kn
‖xk‖X .
(iii) For each n ∈ N and every 1 p < ∞ we have Mn(p)(X(p)) = dn(X)1/p .
Our next aim is to determine concavity constants with respect to n vectors for quite general Lorentz spaces. Similar
results for usual concavity constants have been obtained by Kamin´ska and Parrish in [15].
Let (Ω,μ) be an arbitrary measure space, and let ψ : [0,μ(Ω)) → [0,∞) be a concave function with ψ(0+) = 0. The
Lorentz space Λp(ψ), 1 p < ∞, is deﬁned as the set of all f ∈ L0(μ) such that
‖ f ‖Λp(ψ) :=
( μ(Ω)∫
0
f ∗(s)p dψ(s)
)1/p
< ∞.
The Marcinkiewicz space M(ψ) consists of all f ∈ L0(μ) such that
‖ f ‖M(ψ) := sup
0<t<μ(Ω)
∫ t
0 f
∗(s)ds
ψ(t)
< ∞.
The spaces Λp(ψ) and M(ψ) are r.i. Banach function spaces equipped with the norms deﬁned above. If p = 1 we write
Λ(ψ) instead of Λ1(ψ). Moreover the Köthe duality Λ(ψ)′ = M(ψ) with equality of norms can be obtained in a similar
way as the corresponding result on the description of the Banach dual space of the Lorentz space Λ(ψ) under the condition
limt→∞ ψ(t) = ∞ whenever μ(Ω) = ∞ (cf. [18]). If ψ(t) = t p/q with 1 p < q < ∞, we recover the usual Lorentz spaces,
Λp(ψ) = Lq,p , and for ψ(t) = t1/q we obtain M(ψ) = Lq′,∞ , where 1/q + 1/q′ = 1.
Lemma 4.2. Let (Ω,μ) be a non-atomic measure space and let ψ : [0,μ(Ω)) → [0,∞) be a concave function with ψ(0+) = 0. If
μ(Ω) = ∞ we assume also limt→∞ ψ(t) = ∞. Then for the Lorentz space Λp(ψ) on (Ω,μ) with 1 p < ∞ we have
Mn(p)
(
Λp(ψ)
)= ( sup
0<t<μ(Ω)
nψ(t/n)
ψ(t)
)1/p
.
In particular, Mn(p)(Λp(ψ))  n1/pψ1/p(1/n) whenever ψ is submultiplicative at 0.
Proof. Let ϕ(n) := sup0<t<μ(Ω) nψ(t/n)ψ(t) for all positive integers n. It was shown in [22] that
en
(
M(ψ)
)= ϕ(n).
It is easy to check that our hypotheses on ψ imply that Λ(ψ) is order-continuous. Since Λ(ψ)′ = M(ψ) with equality of
norms, Proposition 4.1 implies for each positive integer n
Mn(p)
(
Λp(ψ)
)= dn(Λ(ψ))1/p = en(M(ψ))1/p = ϕ(n)1/p,
and this completes the proof. 
Corollary 4.3. Let φ be an Orlicz function and let ψ(t) = tφ−1(ln(1 + 1/t)) for t > 0. For the Lorentz space Λp(ψ) on a ﬁnite non-
atomic measure space (Ω,μ) with 1 p < ∞ we have
Mn(p)
(
Λp(ψ)
) φ−1(ln(n + 1))1/p .
Proof. Since Mn(p)(Λp(ψ)) = dn(Λ(ψ))1/p , the assertion is a consequence of the equivalence
dn
(
Λ(ψ)
)= ϕ(n) := sup
0<t<μ(Ω)
nψ(t/n)
ψ(t)
 φ−1(ln(n + 1))
proved in [22]. For completeness, we include a proof here.
Since φ−1 is a concave function on [0,∞), we have φ−1(u + v) φ−1(u) + φ−1(v) for all u, v > 0. It follows that
φ−1
(
ln(1+ n/t)) φ−1(ln(n + 1))+ φ−1(ln(1+ 1/t)),
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ϕ(n) = sup
0<t<μ(Ω)
φ−1(ln(1+ n/t))
φ−1(ln(1+ 1/t))  φ
−1(ln(n + 1))
and gives the desired equivalence. 
We note that for φ(t) = tα (α > 1) we obtain the well-known Zygmund spaces L(log L)1/α which are special cases of
Orlicz spaces (see [1]).
5. Eigenvalues of certain integral operators
In this ﬁnal section we apply our abstract results to integral operators with kernels of weakly singular type. We obtain
upper estimates for the eigenvalues of such operators and, using appropriate examples, we also show the optimality of these
estimates.
The basic notion in the context of eigenvalue distributions of operators in Banach spaces is that of a Riesz operator; for
the precise deﬁnition we refer to the monographs [17,25,5]. The most important examples of Riesz operators are power-
compact and so in particular compact operators acting in a complex Banach space. The main property of a Riesz operator
T : X → X is that its spectrum has no non-zero accumulation points and consists of eigenvalues of ﬁnite multiplicity only
(except possibly zero). Therefore one can arrange all eigenvalues of T in a sequence (λk(T )) such that∣∣λ1(T )∣∣ ∣∣λ2(T )∣∣ · · · 0
and each eigenvalue is counted according to its algebraic multiplicity. If T has less than n eigenvalues λ = 0, then we put
λn(T ) = λn+1(T ) = · · · = 0.
For a large class of differential operators on bounded domains Ω ⊂ RN the inverse operators are integral operators with
the so-called weakly singular kernels, i.e. measurable functions k : Ω2 \  → C, where  := {(x, x); x ∈ Ω}, deﬁned by
k(x, y) = l(x, y)|x− y|N−α with 0< α < N and l ∈ L∞
(
Ω2
)
. (1)
Here | · | denotes the Euclidean norm on RN . It was shown in [16] (see also [17, Theorem 3.a.11]) that the integral operator
Tk is a Riesz operator in any Lr(Ω)-space with 1  r ∞, that its eigenvalues are square summable whenever α > N/2,
and satisfy otherwise
∣∣λn(Tk)∣∣≺ {n−α/N , if 0< α < N/2,
(
ln(n+1)
n )
1/2, if α = N/2.
These estimates are asymptotically best possible. The degree of singularity of these operators is expressed by a single
parameter α, 0< α < N .
Later on, several variants of weakly singular kernels have been investigated, for instance when the singularity involves
an additional logarithmic term,
k(x, y) = l(x, y)(1+ | log |x− y||)
γ
|x− y|N−α with γ ∈ R. (2)
Here the degree of singularity is described by two parameters, α and γ . In the proofs of the corresponding eigenvalue
results for these operators different methods have been used; entropy and interpolation techniques in [3,4,7] and classical
Hilbert space methods in [8,6].
In order to ﬁnd a suitable framework for generalizing weakly singular integral operators, let us come back to kernels
of the form (1). Set p = N/α and consider the Lorentz space X = Lp,1, whose Köthe dual space is X ′ = Lp′,∞ (all spaces
are deﬁned on a bounded subset Ω ⊂ RN ). Note that the kernel k belongs to the mixed space L∞[X ′], which means that
g(x) := ‖k(x, ·)‖Lp′,∞ is measurable and bounded. Similarly we can argue for kernels of the form (2) if we choose the space
X appropriately.
Now let X be any r.i. Banach function space deﬁned on a ﬁnite measure space. Then we call a kernel k ∈ L∞[X ′] of
weakly singular type. The degree of singularity is measured by the space X , or its Köthe dual X ′ . Clearly the integral operator
Tk : X → L∞ and the identity I : L∞ ↪→ X are bounded, thus we have the factorization L∞ I↪→ X Tk−→ L∞ . Alternatively we
could regard Tk as operator in any space Y with L∞ ↪→ Y ↪→ X . If Tk is a Riesz operator on L∞ , then the principle of related
operators (see [25]) shows that Tk : Y → Y is Riesz, too, and its eigenvalue are the same as those of Tk : L∞ → L∞ , with the
same algebraic multiplicities.
We can now state the following applications of our previous results.
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tion space with respect to (L2(μ), L∞(μ)). Then every kernel k ∈ L∞[X ′] generates a Riesz operator Tk in L∞ (or in any space Y with
L∞ ↪→ Y ↪→ X ) with eigenvalues behaving like∣∣λn(Tk)∣∣= O(ψ X (1/n)).
Proof. By the factorization L∞
I
↪→ X Tk−→ L∞ and part (iii) of Lemma 3.9 we have
xn(Tk : L∞ → L∞) xn(I : L∞ → X)‖Tk : X → L∞‖ ≺ ψ X (1/n).
Now recall the known estimate (see [17, Theorem 2.a.4])(
n∏
j=1
∣∣λ j(T )∣∣
)1/n

√
2e
(
n∏
j=1
x˙ j(T )
)1/n
for all Riesz operators T : Y → Y in any complex Banach space Y , where (x˙ j(T )) j∈N denotes the doubled sequence
(x1(T ), x1(T ), x2(T ), x2(T ), . . .). Combining these two estimates we get for even n
∣∣λn(T )∣∣√2e
( n/2∏
j=1
ψ X (1/ j)
2
)1/n
.
Since ψ X is non-decreasing and satisﬁes a 2-condition, there exist constants α > 0 and Cα > 0 such that
ψ X (t) Cα
(
t
s
)α
ψ X (s), for every 0< s < t  1.
By Stirling’s formula we have (m!)1/m m, and this implies( n/2∏
j=1
ψ X (1/ j)
2
)1/n
 Cαψ X (1/n)
( n/2∏
j=1
(n/ j)2α
)1/n
 ψ X (1/n).
Combining the above estimates yields the assertion. 
An immediate consequence of this theorem is the following corollary; as explained above it extends the result for the
classical weakly singular integral operators to a larger kernel class.
Corollary 5.2. Let 2 < p < ∞ and assume that the Lorentz space Lp,1 is deﬁned over some non-atomic ﬁnite measure space. Then
every kernel k ∈ L∞[Lp′,∞] generates a Riesz operator Tk in Lp,1 (or in any Lr with p < r ∞) with eigenvalues behaving like∣∣λn(Tk)∣∣= O(n−1/p).
Proof. The space X = Lp,1 is an r.i. Banach function space, in addition it is an interpolation space with respect to the couple
(L2, L∞). The Köthe dual is X ′ = Lp′,∞ and for the fundamental function one has ψX (t)  t1/p  ψ X (t). Since the measure is
ﬁnite, we have L∞ ↪→ Lr ↪→ Lp,1. Thus all assumptions of the preceding theorem are satisﬁed, and the assertion follows. 
Now let us turn to integral operators of weakly singular type in more general Lorentz spaces Λ(ψ). Our aim is to prove
upper eigenvalue estimates, and to show that the obtained bounds are optimal within the considered kernel class.
In the remaining part of the paper the underlying measure space of all function spaces will be the interval (0,1)
equipped with Lebesgue measure, and ψ denotes always a concave function ψ : (0,1) → (0,∞) with ψ(0+) = 0. Since
the fundamental function of the Lorentz space Λ(ψ) equals ψ , the following result is an immediate consequence of Theo-
rem 5.1.
Corollary 5.3. Assume that the Lorentz space Λ(ψ), deﬁned over a ﬁnite non-atomic measure space, is an interpolation space with
respect to the couple (L2(0,1), L∞(0,1)). Then every kernel k ∈ L∞[M(ψ)] generates a Riesz operator Tk in L∞ (or in any space Y
with L∞ ↪→ Y ↪→ Λ(ψ)) with eigenvalues satisfying∣∣λn(Tk)∣∣= O(ψ(1/n)).
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more and consider Lorentz spaces Λ(ψ) with
ψ(t) = ψa,b(t) := ta(1− log t)b, where 0 < a < 1 and b 0.
Clearly, if b = 0 and a = 1/p, then Λ(ψa,b) = Lp,1 and M(ψa,b) = Lp′,∞ .
The norms of the dilation operators Dt with t  1 can easily be estimated by ‖Dt : Λ(ψa,b) → Λ(ψa,b)‖ ta , whence the
upper Boyd index is
βΛ(ψa,b) = limt→∞
ln‖Dt‖
ln t
 a.
(In fact we have even βΛ(ψa,b) = a.) In view of the remark after Lemma 3.9, we conclude that Λ(ψa,b) is an interpolation
space with respect to (L2, L∞) whenever 0< a < 1/2. Moreover we have ψa,b  ψa,b .
From these observations and Corollary 5.3 we immediately obtain the following result.
Corollary 5.4. Let 0< a < 1/2 and b 0. Then every kernel k ∈ L∞[M(ψa,b)] generates a Riesz operator Tk in L∞ (or in any space Y
with L∞ ↪→ Y ↪→ Λ(ψa,b)) with eigenvalues∣∣λn(Tk)∣∣= O(n−a(1+ logn)b).
Finally we show the optimality of the estimate in Corollary 5.4 – and therefore also the optimality of Theorem 5.1 and
Corollaries 5.2 and 5.3 – by using convolution operators. Let g ∈ L1(0,1) and k(x, y) := g˜(x − y), where g˜ : R → R denotes
the 1-periodic extension of g . Then it is well known and easy to verify that the Fourier coeﬃcients of g ,
gˆ(n) :=
1∫
0
g(x)e−2π inx dx, n ∈ Z,
are eigenvalues of the integral operator Tk : L∞ → L∞ with corresponding eigenfunctions e2π inx . If g ∈ X ′ for some r.i.
Banach function space over the interval (0,1), then obviously we have k ∈ L∞[X ′].
For the construction of our examples we need the following lemma which is certainly known, but for the convenience
of the reader we give the proof. It is based on Abel’s summation as used e.g. in the classical paper [20] by Lorentz.
Lemma 5.5. Let 0< a < 1 and b 0. Then the series
∞∑
n=1
(1+ logn)b
na
e2π inx
converges for all x ∈ R \ Z, and its sum function belongs to the Marcinkiewicz space M(ψa,b).
Proof. Clearly there is an index n0 = n0(a,b) such that the sequence an = n−a(1 + logn)b is decreasing for n  n0. Further,
it is easy to verify that for 0 < |x| 1/2 the inequality
B(x) := sup
M>N
∣∣∣∣∣
M∑
n=N
e2π inx
∣∣∣∣∣ 1| sinπx|  2|x|
holds. Since limn→∞ an = 0 and an is decreasing for n  n0, Abel’s summation applies and shows that the series∑∞
n=1 ane2π inx converges for all x with 0 < |x|  1/2, and by the 1-periodicity for all x ∈ R \ Z. Let now N > n0 and
1
N  |x| 1N−1 . We estimate the sum function, say g , of the above series by∣∣g(x)∣∣ N−1∑
n=1
an +
∣∣∣∣∣
∞∑
n=N
ane
2π inx
∣∣∣∣∣,
where we have for the ﬁrst sum
N−1∑
n=1
an  NaN = N1−a(1+ logN)b  xa−1(1− log x)b,
while the second sum can be estimated as follows:∣∣∣∣∣
∞∑
ane
2π inx
∣∣∣∣∣ aN B(x) aN 2|x|  xa−1(1− log x)b.
n=N
422 T. Kühn, M. Mastyło / J. Math. Anal. Appl. 369 (2010) 408–422This gives |g(x)| c1xa−1(1− log x)b for 0< |x| 1/n0, and whence∣∣g∗(s)∣∣ c2sa−1(1− log s)b, for 0 < s 1,
where the constants c1, c2 > 0 depend only on a and b. Consequently we get
t∫
0
g∗(s)ds c3ta(1− log t)b = c3ψa,b(t), for 0 < t  1,
and this proves g ∈ M(ψa,b). 
Now we are prepared to construct the examples that will show the optimality of the upper eigenvalue estimate in
Corollary 5.4. Let g be the function from the preceding lemma. Then the convolution kernel k(x, y) = g(x− y), x, y ∈ (0,1),
belongs to L∞[M(ψa,b)], and the eigenvalues of Tk : L∞ → L∞ are
λn(Tk) = gˆ(n) = n−a(1+ logn)b, n ∈ N,
which matches the upper bound in Corollary 5.4. This shows that Corollary 5.4, and therefore also all other eigenvalue
estimates in this section, are asymptotically optimal.
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